Some character of the symmetric homogenous kernel of −1-order in Hilbert-type operator T : l r → l r (r > 1) is obtained. Two equivalent inequalities with the symmetric homogenous kernel of −λ-order are given. As applications, some new Hilbert-type inequalities with the best constant factors and the equivalent forms as the particular cases are established.
Introduction
If the real function k(x, y) is measurable in (0,∞) × (0,∞), satisfying k(y,x) = k(x, y), for x, y ∈ (0,∞), then one calls k(x, y) the symmetric function. Suppose that p > 1, 1/ p + 1/q = 1, l r (r = p, q) are two real normal spaces, and k(x, y) is a nonnegative symmetric function in ( The function k(x, y) is said to be the symmetric kernel of T. where k p is a positive constant independent of x, then T ∈ B(l r →l r ), T is called the Hilberttype operator and
∈ l q , then one has the following two equivalent inequalities:
where the positive constant factor
∈ l q , and a p , b q > 0, T is defined by (1.1) , and the formal inner product of Ta and b is defined by Recently, Yang [2] also considered some frondose character of the symmetric kernel for p = q = 2; Yang et al. [3] [4] [5] [6] considered the character of the norm in Hilbert-type integral operator and some applications. In this paper, for keeping on research of the thesis in [1, 2] , some frondose character of the symmetric homogeneous kernel of −1-order satisfying condition (ii) of Theorem 1.1 is considered. One also considers two equivalent inequalities with the symmetric homogeneous kernel of −λ-order. As applications, some new Hilbert-type inequalities with the best constant factors and the equivalent forms as the particular cases of the kernel are established.
For this, one needs the formula of the Beta function B(u,v) as (see [7] )
A lemma and a theorem
Suppose that the symmetric kernel k(x, y) is homogeneous function of −1-order. Setting u=t/x in (1.3), one finds k r (ε,x) is independent of x > 0 and k r (ε) :
. Hence based on the above conditions, if for fixed x > 0 and r = p, q, the functions k(x,t)(x/t) 1/r are decreasing in t ∈ (0,∞), then the kernel k(x, y) satisfies condition (i) of Theorem 1.1 and suits using Theorem 1.2. Proof. For fixed x > 0, ε ≥ 0, and r = p, q, the functions k(x,t)( 
by (1.8), one has the following theorem. 
, then one has the following two equivalent inequalities:
∞ n=1 ∞ m=1 k λ (m,n)a m b n < k p a p,ωp b q,ωq ; ∞ n=1 ω 1−p q (n) ∞ m=1 k λ (m,n)a m p 1/p < k p a p,ωp ,
Applications to some Hilbert-type inequalities
In the following, suppose that p > 1,
1/q > 0, and one omits the words that the constant factors are the best possible. 
λ/α is continuous in (0,1], there exists η = (1/2)(1 − λ) < min{1/ p,1/q}, such that lim u→0 + u η k(1,u) = 1; setting t = u α in the following, one obtains
(3.1)
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Then by (2.5), one has the following corollary.
Corollary 3.1. The following inequalities are equivalent:
in t ∈ (0,∞) (see [8] ), then for fixed x > 0 and r = p, q, u) ), and (1 − λ)/2 < min{1/ p,1/q}, there exists ε > 0, such that η = (1/2)(1 − λ) + ε < min{1/ p,1/q}, and lim u→0 + u η k(1,u) = 0, then setting t = u λ in the following, and using the formula as (see [9] )
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Corollary 3.2. The following inequalities are equivalent:
(1/2)(λ−1) . Then for fixed x > 0 and r = p, q,
Then by (2.5), one has the following corollary. (3.10) , and (3.14), setting ω(n) = n 1−λ (0 < λ ≤ 2), one has some Hilbert-type inequalities with a parameter (see [8, [10] [11] [12] (ii) For λ = 1 in (3.17), (3.18), and (3.19), one has the following base Hilbert-type inequalities (see [9] ): (3.20)
